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Abstract. A class of subharmonic functions represented by the 
modified kernels are proved to have the growth estimates u(x) = 
o(xl l ~ a \x\ m+a ) at infinity in the upper half space of R", which gen- 
eralizes the growth properties of analytic functions and harmonic 
functions. 



1. Introduction and Main Theorem 

Let H n (n > 3) denote the n-dimensional Euclidean space with points 
x = (xi,x%,-- - ,x n -i,x n ) = (x',x n ), where x' G R n_1 and x n G R. 
The boundary and closure of an open Q of R n are denoted by dfl 
and Q respectively. The upper half-space H is the set H = {x = 
(x', x n ) G R n : x n > 0}, whose boundary is dH . We write B(x, p) and 
dB(x,p) for the open ball and the sphere of radius p centered at x in 
R n . We identify R n with R™" 1 x R and R n_1 with R"" 1 x {0}, with 
this convention we then have dH = R n_1 , writing typical points x, y G 
R n as x = (x',x n ), y = (y',y n ), where x' = (x 1 ,x 2 ,--- ,^n-i), y' = 
(Vi, 2/2, •■ ■ y n -i) e R n_1 and putting 



x ■ y — Xjyj — x' ■ y' + x n y n , \x\ = \fx ■ x, \x'\ = \fxF 

3=1 

For x G R n \{0}, let ([16]) 



E(x) = —r n \x 



2- 



where \x\ is the Euclidean norm, r n = -, — h — and u n = is the 

[Tl — Z)LU n 1 \~2 ) 

surface area of the unit sphere in R ra . We know that E is locally 
integrable in R n . 
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The Green function G(x, y) for the upper half space H is given 

by([i6]) 

G(x,y)=E(x-y)-E(x-y*) x,yeH,x^y, 

where * denotes reflection in the boundary plane OH just as y* = 
(yi j 2/2, •• • , y n -i, —Un), then we define the Poisson kernel P(x, y') when 
x e H and y' £ dH by 



P(x,y') = - 9G ^ V) 



dy n 



2,x n 



Vn=0 



u n \x-(y',0)\ n ' 



The Dirichlet problem of upper half space is to find a function u 
satisfying 

ueC 2 (H), (1.1) 
Aw = 0,a;G#, (1.2) 
lim u(x) = f(x') nontangentially a.e.x' e <9if, (1.3) 

x—*x' 

where / is a measurable function of R n_1 . The Poisson integral of the 
upper half space is defined by 

u(x) = P[f](x) = [ P(x,y')f(y')dy'. 
Jr.™- 1 

As we all know, the Poisson integral P[f] exists if 

Jr«-i 1 + \y\ n 

(see [17,18] and [20])In this paper, we will consider measurable func- 
tions / in R™^ 1 satisfying 

!/(</')! 



/ 



, -dw' < 00. (1.4) 

/ ,1-1- \n' \n+m a y > 

1+12/1 

It is well known that the Poisson kernel P(x, y') has a series expansion 
in terms of the ultraspherical ( or Gegenbauer ) polynomials C£(t) (A = 
f)([7] and [12]). The latter can be defined by a generating function 

00 

{l-2tr + r 2 y x = Y J C X k {t)r\ (1.5) 

k=0 

where \r\ < 1, \t\ < 1 and A > 0. The coefficients C£(t) is called 
the ultraspherical ( or Gegenbauer ) polynomial of degree k associated 
with A, the function C£(t) is a polynomial of degree k in t. To obtain 
a solution of Dirichlet problem for the boundary date /, as in [3,5,15] 
and [20], we use the following modified functions defined by 

{E(x — y) when \y\ < 1, 

^-2/) + Er:o 1 ^?(s) when|y|>l. 



Then we can define modified Green function G m (x, y) and the modified 
Poisson kernel P m {x,y') by([l, 2,4,11] and [20]) 

G m (x,y) = E m+1 (x - y) - E m+1 (x - y*) x,yeH,x^y; (1.6) 

{P(x,y') when \y'\ < 1, 

(1.7) 

Siegel-Talvila([3]) have proved the following result: 

Theorem A Let / be a measurable function in R n_1 satisfying (1.4), 
then the harmonic function 

v(x)= f P m (x,y')f(y')dy' xeH (1.8) 

satisfies (1.1), (1.2), (1.3) and 

v(x) = o(a£ -n |a;| m+n ) as |x| -> oo. (1.9) 

where P m (x,y') is defined by (1.7). 

In order to describe the asymptotic behaviour of subharmonic func- 
tions in half-spaces ([8,9] and [10]), we establish the following theorems. 

Theorem 1 Let / be a measurable function in R n_1 satisfying (1.4), 
and < a < n. Let v(x) be the harmonic function defined by (1.8). 
Then there exists x 3 - e H, pj > 0, such that 



YA — <oo (i.io) 

■ 1 "^7 
J = l J I 

holds and 

v(x) = o{x l - a \x\ m+a ) as \x\ -> oo (1.11) 
holds in H — G. where G = Ujli B(xj, pj). 

Remark If a — n, then (1.10) is a finite sum, the set G is the union of 
finite balls, so (1.9) holds in H. This is just the result of Siegel-Talvila, 
therefore, our result (1.11) is the generalization of Theorem A. 
Next, we will generalize Theorem 1 to subharmonic functions. 

Theorem 2 Let / be a measurable function in R n_1 satisfying (1.4), 
let p be a positive Borel measure satisfying 

f Pr—dp(y) <oo. (1.12) 

Write the subharmonic function 

u(x) = v(x) + h(x), x G H 

where v(x) is the harmonic function defined by (1.8), h(x) is defined 
by 

h(x) = / G m (x,y)dp(y) 

JH 
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and G m (x,y) is defined by (1.6). Then there exists Xj G H, pj > 0, 
such that (1.10) holds and 

u(x) = o(x]^ a \x\ m+a ) as \x\ — > oo 

holds in H — G, where G = U^li B( x ji Pj) an d < a < 2. 

Next we are concerned with minimal thinness at infinity for v(x) 
and h(x), for a set E C H and an open set F C R n_1 , we consider the 
capacity 



C(E; F) = inf / g(y')dy' 
Jr"- 1 



where the infimum is taken over all nonnegative measurable functions 
g such that g — outside F and 



I 



!/l ' 7 ; dy'>l for all x E E. 



/ R „-i | a; - (y',0) 
We say that E <Z H is minimally thin at infinity if 



J2^ m C(E t ;F t ) <oo, 



i=i 

where ^ = G ,5 : 2* < \x\ < 2 i+1 } and F; = {x G R n_1 : T < \x\ < 
2 i+3 }. 

Theorem 3 Let / be a measurable function in R n_1 satisfying (1.4), 
then there exists a set E C if such that F is minimally thin at infinity 
and 

v(x) 

lim , = 0. 

|x|-voo,x€H-.E £ n |x| m 

Similarly, for h(x), we can also conclude the following: 

Corollary 1 Let /i be a positive Borel measure satisfying (1.12), then 
there exists a set E C if such that F is minimally thin at infinity and 

ft/x) 

lim ; = 0. 

|s|-»oo,x€ff-.E X n |x| m 

Finally we are concerned with rarefiedness at infinity for v(x) and 
h(x), for a set E C if and an open set F C if, we consider the capacity 



C(F;F) =inf / <?(y)^(y) 

JH 



where the infimum is taken over all nonnegative measurable functions 
<? such that g — outside F and 



H\x-y 



9 ^ V '—dn{y) > 1 for all x £ E. 
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We say that E C H is rarefied at infinity if 

oo 

J2^ l(n ~ 1) C(E f ,F l )<oo, 
i=i 

where i?j is as in Theorem 3 and Fi = {x <E H : 2 l < \x\ < 2 l+3 }. 

Theorem 4 Let fi be a positive Borel measure satisfying (1.12), then 
there exists a set E G H such that is rarefied at infinity and 

h(x) 

lim ~, p ~r" = 0. 

Similarly, for i>(x), we can also conclude the following: 

Corollary 2 Let / be a measurable function in R"^ 1 satisfying (1.4), 
then there exists a set E C such that £ is rarefied at infinity and 

lim r-r4r- = °- 

|x|-*oo,xeH-£ |a;| m+i 



2. Proof of Theorem 

Let fj, be a positive Borel measure in R n , /? > 0, the maximal func- 
tion M(dfj l )(x) of order /? is defined by 

M{dn){x)= sup ^ B ^ r) \ 

0<r<oo 

then the maximal function M(d/j)(x) : R n — > [0, oo) is lower semicon- 
tinuous, hence measurable. To see this, for any A > 0, let D(\) = {x £ 
R n : M(dfi)(x) > A}. Fix x e D(X), then there exists r > such 
that fj,(B(x,r)) > tr 13 for some t > A, and there exists 5 > satisfying 
(r + 5)^ < If \y — x\ < 5, then B(y,r + 5) D B(x,r), therefore 
n(B(y,r + 5)) > tr p > A(r + 5f . Thus B(x,5) C £>(A). This proves 
that D(X) is open for each A > 0. 

In order to obtain the results, we need these lemmas below: 

Lemma 1 Let \x be a positive Borel measure in R", f3 > 0, /u(R n ) < 
oo, for any A > 5 /3 /i(R"), set 

E{\) = {x E R n : |x| > 2, M(dn)(x) > 

then there exists Xj G -E'(A) , pj > 0, j = 1, 2, • • • , such that 

oo 

£(A)cU*fo.P;) (2-1) 
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and 

pj 3/,(R")5^ (99] 
^\xAP~ X ■ [Z - Z) 

j=l I 3 

Proof: Let E k (X) = {x G E{\) : 2 k < \x\ < 2 k+1 }, then for any x G 
E k (X), there exists r(x) > 0, such that fi(B(x,r(x))) > A( ! ^) /3 , there- 
fore r(x) < 2 k ~ 1 . Since E k (X) can be covered by the union of a family of 
balls {B(x,r(x)) : x G E'fc(A)}, by the Vitali Lemma([6]), there exists 
A fc C E k (X), A k is at most countable, such that {B(x,r(x)) : x G A fe } 
are disjoint and 

E k (X) C U xeAk B{x,5r{x)), 

so 

E(X) = U? =1 E k (X) C U? =1 U, eAfc S(x,5r(x)). 
On the other hand, note that U x€Ak B(x, r(x)) C {x : 2 fc ~ 1 < |x| < 
2 k+2 }, so that 

£ Mjf < 5^ £ " W Y {X))) < jMx : 2'"' < |,| < 2-}. 
Hence we obtain 

fc=l xeA fe ' ' k=l 

Rearrange {x : x G A fc , /c = 1,2, •••} and {5r(x) : x G A fc , A; = 
1, 2, • • • }, we get {xj} and {p^} such that (2.1) and (2.2) hold. 

Lemma 2 Gegenbauer polynomials have the following properties: 

(1) 1^(01 <^(l) = r®jS i y, |*|<1; 

(2) |C7*(t)=2AC7i+ 1 (0, fe>l; 

(3) £r=o^W = (i-r)- 2A ; 

n — 2 n — 2 

(4) |C fe 2 (t)-CV (**) I < (n-2)C^i(l) \t-t*\, \t\<l, \t*\<l. 
Proof: (1) and (2) can be derived from [7] and [13]; (3) follows by 
taking t = 1 in (1.5); (4) follows by (1), (2) and the Mean Value 
Theorem for Derivatives. 

Lemma 3 Green function G(x ) y) has the following estimates: 

(1) \G(x,y)\<j^- 2] 

(2) \G(x,y)\<^; 

(3) \G(x,y)\< . Ax ^ 



\ x ~y\ n 2 \x-y*\ 2 ' 

Proof: (1) is obvious; (2) follows by the Mean Value Theorem for 
Derivatives; (3) can be derived from [14]. 

Throughout the paper, let A denote various positive constants inde- 
pendent of the variables in question. 

Proof of Theorem 1 
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Define the measure dm(y') and the kernel K(x, y') by 

dm(y>) = x ^l m dy\ K(x,y>) = P m (x,y')(l + \yT +m )- 
For any e > 0, there exists R £ > 2, such that 

/ dm (y') ^ 

J\y'\>Re D 

For every Lebesgue measurable set E C R™" 1 , the measure m( £ ) 
defined by m^(E) = m{E n {V G R^ 1 : > R £ }) satisfies 
m ( £ )( R "-i) < _^_ ) write 

=/ P(s,iO(l + |i/|^)dm< e V), 

^|s-(j/',0)|<3|x| 

v 2 (x) =[ (P m (x,y')-P(x,y'))(l + \y'\ n+m )dm^(y'), 

^|x-(?/',0)|<3|x| 

v 3 (x) = [ K(x,y')dm^(y'), 

J|x-(j/',0)|>3|x| 

v A {x) = / K(x,y')dm(y'), 

Jl<\y'\<R e 

v 5 (x) = / K(x,y')dm(y'). 

J\v'\<l 



then 

< |ui(x)| + \v 2 {x)\ + |u 3 (x)| + |u 4 (a:)| + |u 5 (aOI- (2.3) 

Let E'i(A) = G R n : |x| > 2,3* > 0,m^)(S(x,i) n R n_1 ) > 
A(||j) n_a }, therefore, if |x| > 2i? e and x ^ -Ei(A), then we have 



\Vi 



^x„<|x-(j/',0)|<3|x| w nF ~~ 12/ > U JI 
An+m+1 r3\x\ i 

< x n |d m+ri / — dm( e) (t) 



< (^ + -Wn a \A m+a - (2-4) 



where ml e) (t) = J ]x _ {y , m < t dm&(y') 
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By (1) and (3) of Lemma 2, we obtain 

^„<|x-(l/',0)|<3|x| k=0 W » W I 



< l /a 1 

< 7 TTW (1 ) £X n \x\ 



fc=0 



< exJd" 1 . (2.5) 

By (1) and (3) of Lemma 2, we see that ([19]) 

•/|x-to'.mi>3lsl , ^ J 



C -(j/',0)|>3|x| fc=m ^n(2|x|)' 
2 m+2 £ °^ 1 2 

fc=m 



nm— n+2a+2 

< ex n \x\ m . (2.6) 



Write 



W4 (x) = f [P(x,y') + (P m (x,y')-P(x,y'))}(l + \yT +m )dm(y') 

Jl<\y'\<R s 
= V4l(x) +V43(x), 

then 

f 2r 

^KIj/'KR, (f )" 

2 «+ 2 J R"+ m m(R n - 1 ) x n 
by (1) and (3) of Lemma 2, we obtain 

„ TO— 1 

\V42(X)\ < 

"' 1 4 



2a 


' n | 


x\ 






y 1 





< Y\ —CT (1) x n |x| fc iC" fc "i(R n - 1 ) 
fc =o Wn 

< — ^r n |x| m (2.8) 



In case \y'\ < 1, note that 

gfe rt-^. y ')(i + b-r-)< ^ k _ te ( ;, 0)| „ . 

so that 

* [ -^rk- n dm ^ ^ ^t^St- (2-9) 

J\y'\<i Wn(f ) n w ™ Fl 

Thus, by collecting (2.3), (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9), 
there exists a positive constant A independent of e, such that if \x\ > 
2i? e and x ^ -Ei(^), we have 

< Aex 1 ~ a \x\ m+a . 

Let /i e be a measure in R n defined by fx e (E) = mS e \E fl R n_1 ) for 
every measurable set E in R".Take e = e p = ^W, V — 1) 2, 3, • • • , then 
there exists a sequence {R p \. 1 = Rq < Ri < R2 < • • • such that 



Take A = 3 • 5 n ~ a ■ 2 p fx £p (R n ) in Lemma 1, then there exists Xj :P and 
Pj iP , where R p -i < \xj jP \ < R p , such that 



00 



j =1 \ x j,p\ 2 P 
if R p -i < \x\ < R p and x G p = \JjL 1 B(xj tP , Pj, p ), we have 

Thereby 



\v(x)\< AspX 1 -"^^, 



(XJ (XJ ou . 



3y O V) 2^ 



Set G = UpZiGp, thus Theorem 1 holds. 
Proof of Theorem 2 

Define the measure dn(y) and the kernel L(x,y) by 
dn(y) = Vnd ^J +m , L(x,y) = G m (x,y)^ 



n+m 



l + \y\n+m> -^°> ->»r>°' y, 

then the function h(x) can be written as 



h(x) = / L(x,y)dn(y). 

J H 



For any e > 0, there exists R e > 2, such that 



/ 



>Re 
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For every Lebesgue measurable set E C R n , the measure defined 
by n^{E) = n{E n {y G H : \y\ > R £ }) satisfies n {e \H) < write 

1 + \y\ n+m 



hi(x 
h 2 (x 
h 3 (x 
h±{x 
h 5 (x 
h 6 (x 



I G(x,y)- 

J\x-y\<^ 



G(x,y) 



y n 

1 + \y\ n+m 



dnU(y), 



— <\x~y\<Z\x\ Vn 

(G m (x,y)-G(x,y))^^ 

\x-y\<3\x\ Vn 



n+m 



-dn^(y), 



/ L(x,y)dn {£ \y), 

J\x-y\>3\x\ 



/ L(x,y)dn(y), 

Jl<\y\<R s 

/ L(x,y)dn(y). 

J\v\<l 



then 



h{x) = hi(x) + h 2 (x) + h 3 (x) + h 4 (x) + h 5 (x) + h 6 (x). (2.10) 

Let E 2 (X) = {x E R n : \x\ > 2, 3t > 0, n^(B(x, t) n H) > Kj^) n ~ a }, 
therefore, if \x\ > 2R £ and x Ei(X), then we have by (1) of Lemma 3 

r n 2\y\ n+m 



Mx)\ < 



\x - y\ 



n-2 Xn 



< 4 x (3/2) n+m r n 

< 4 x (3/2) n+ "V n 



n+m /"if" J 



1 

+ 



fn-2 x 

n-2 



dn«(f) 



2 2 ~ a (2-a)2 2 - a 



l—a I |m+a 



(2.11) 



where ni e) (t) = f\ x _ y \< t dn( e \y). 
By (2) of Lemma 3, we have 



Mx)\ < 



— <\x-y\<3\x\ U n\X — y\ n y-n 

3\x\ 

n I 



n 



£»1 
2 



-dn^\t) 

fn x \ J 



< 



4 „ +m+ i / y n 2 
+ 



uj„ \3 a a 



Aa£- a |a;| m+a . 



(2.12) 



First note C$ (t) = 1([7]) , then we obtain by (1), (3) and (4) of 
Lemma 2 and taking t = j^fo, t* = in (4) of Lemma 2 
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J\x-y\<Z\x\^r i \y\ \ x \\y\ Vn 

< —Y^Cl'^-l—exM™ 

n k=i 

Am+l+a 

< ex n \x\ m . (2.13) 

By (1), (3) and (4) of Lemma 2, we see that 



K=m+1 



2 m + 2 ^ 1 /2 1 
< ex n \x\ m . (2.14) 



Write 



r 1 + U n + m 
^(x) = / [G(x,y) + (G m (x,y)-G(x,y))}—^ dn(y) 

Jl<\y\<R s Vn 

= h 51 (x) + h 52 (x), 
then we obtain by (2) of Lemma 3 

\hsi{x)\ < / — : ^ dn (y) 

Jl<\y\<R e U n\X ~y\ n Vn 

4i?" +m f 1 , . , 

< 2^R^ m n(H) x n 
u n \x\ n ' 



by (1), (3) and (4) of Lemma 2, we obtain 

iMi)i s L<£^ 2(n - 2)Cl " (1)X ^^ dn(v) 

m . 

< Y.— C l-i{ l ) x n\A k ~ 1 R?~ k+1 n{H) 



k=l 



< ^M lJir -. (2 . 16) 
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In case \y\ < 1, by (2) of Lemma 3, we have 

2x n y n 2 4x n 



\L(x,y)\ < 



u n \x-y\ n y n u n \x-y\ 



so that 



Mx)\ < ! -fe-dn(y) < ^!^1^!L. ( 2 .17) 

Thus, by collecting (2.10), (2.11), (2.12), (2.13), (2.14), (2.15), (2.16) 
and (2.17), there exists a positive constant A independent of e, such 
that if \x\ > 2R £ and x E 2 (e), we have 

\h(x)\ < Aexl~ a \x\ m+a . 

Similarly, if x ^ G, we have 

h(x) = o(x l - a \x\ m+a ) as \x\ -> oo. (2.18) 

by (1.11) and (2.18), we obtain 

■u(x) = f (x) + h(x) = o{x]^ a \x\ m+a ) as |x| — > oo 

hold in if — G, thus we complete the proof of Theorem 2. 
Proof of Theorem 3 and 4 

We prove only Theorem 4, the proof of Theorem 3 is similar. By 
(2.13), (2.14), (2.15), (2.16) and (2.17) we have 

lim h(x) + hj(x) + h 5 (x) + he(x) =Q 

\x\^oo,x€H \x\ m+1 

In view of (1.12), we can find a sequence {a{\ of positive numbers such 
that lim^oo = oo and 

oo 



It 

a 1 j Fi \y\ 



Consider the sets 

Ei = {x G H : 2 i < \x\ < 2 i+ \ {h^x) + h 2 (x)\ > a"^^} 
for i — 1, 2, • • • . If x e E'i, then we obtain by (3) of Lemma 3 

a; 1 < 2- im \x\- 1 \h 1 (x) + h 2 (x)\ < A2^ m+1) [ ^-—dfi(y) 

Jf % f - y\ n 

so that it follows from the definition of C[Ei\ FA that 

C(E f , FA < A ai 2- l(m+1) [ y n d^y) < Aa^ n ' X) [ pr^d/ifo) 

J Fi JFi \y\ 

Define E = (J~ 1 E h then 

oo 

^-^CiEi-FA <oo. 



i=i 
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Clearly, 

lim + W =0 , (2 .20) 

\x\^oo,xeH-E \x\ m+1 

Thus, by collecting (2.19) and (2.20), the proof of Theorem 4 is com- 
pleted. 
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